It is shown that the Jordan frame and its conformally transformed version, the Einstein frame of nonminimally coupled theories of gravity, are actually equivalent at the quantum level. The example of the theory taken up is the Brans-Dicke theory, and the wave packet calculations are done for a homogeneous and isotropic cosmological model in the purest form of the theory, i.e., in the absence of any additional matter sector. The calculations are clean and exact, and the result obtained are unambiguous.
I. INTRODUCTION
A nonminimally coupled theory of gravity, where a field interferes with the curvature scalar, has two popular framework for its description. One is called the Jordan frame, where the theory is manifestly nonminimal in the sense that the interference term is visible in the action and also in the field equations derived from the action by means of a variational principle. In the second framework, known as the Einstein frame, the nonminimal coupling is broken by means of a conformal tranformation of the formḡ µν = Ω 2 g µν , the theory appears to be simpler and looks similar to General Relativity where the nonminimally coupled field appears as an additional ter in the matter sector. In Jordan frame, the Newtonian constant of gravity G becomes a variable. Einstein's frame has a restored constancy of G but the rest mass of the test particle becomes a function and thus one has to pay a bigger price, the validity of equivalence principle and hence the significance of the geodesic equation is lost. In fact this loss of the principle of equivalence is the key to understand the nature of the nonminimal coupling inspite of the apparent resemblance with general relativity.
The question of equivalence of these two frames for the same theory of gravity is yet to settled. The apparent mismatch of the two are quite obvious, Jordan frame description rests heavily on the principle of equivalence whereas the other does not respect that principle. The usual debate is centred around the question which frame is more dependable for the description of gravity. Cho indicated that the Einstein frame is more trustworthy for a physical description of gravity [1] . However, Faraoni and Gunzig [2] indicated that in the classical regime, Jordan frame is the reliable one on the consideration of gravitational waves. Chiba and Yamaguchi [3] estimated various cosmological parameters in these frames and * sp13ip016@iiserkol.ac.in † narayan@iiserkol.ac.in showed that they are different and hence indeed a matter of concern.
Some investigations, however, show that the apparent discrepancy in the results obtained in the two frames can actually be resolved. Salgado resolved the mismatch between the Cauchy problem in the two frames [4] . Faraoni and Nadeau argued that the nonequivalence of the two frames actually comes down to a matter of interpretation, at least at the classical level [5] .
Artymowski, Ma and Zhang [6] showed that BransDicke theory looks different in the two framework in the context of loop quantum cosmology both in the presence or absence of another scalar field as the matter sector.
The question of equivalence is properly posed in the following way. The solutions obtained in one frame should be transformed into the second frame by means of the conformal transormation through which the metric components in the two versions are related and should then be compared with the solutions in the second frame. This would indicate whether the character of the frame itself introduces any feature which is not there in the other.
In the present work, we ask this question of equivalence at the quantum level.
We work with Brans-Dicke theory [7] , easily the most talked about theory amongst the nonminimally coupled theories of gravity. In this theory, a scalar field φ is coupled with the Ricci scalar R in the action. We work in a spatially flat, homogeneous and isotropic cosmological model in vacuum, and quantize the model following the standard canonical Wheeler-deWitt quantization scheme [8, 9] , and form the relevant wave packet Ψ jordan in Jordan frame. The action is then written in the Einstein frame via the conformal transformationḡ µν = φg µν suggested by Dicke [10] . We pretend that this is a completely different theory and quantize a same cosmological model following the same Wheeler-deWitt scheme. The wave packet Ψ einstein is formed. Naturally it looks different from the wave-packet in the Jordan frame. We now effect the inverse transformation inḡ µν in the wave packet Ψ einstein , and see that it is exactly the same as Ψ jordan . The result is quite general, in the sense that this does not depend upon the parameter of the theory ω.
In the next two sections the quantization of the cosmological model in vacuum is discussed in Jordan and Einstein frames respectively. Finally the result is critically analyzed in the last section.
II. JORDAN FRAME
The relevant action in Brans Dicke theory without any contribution from the matter sector, in the so-called Jordan frame, is written as
where R is the Ricci scalar, φ is the scalar field and ω is a dimensionless parameter. It is generally believed that the higher the value of ω, the closer the theory is to general relativity, and for ω → ∞, the two theories (GR and BD) are identical. However, it has been proved that this equivalence of the two theories is not at all generic [11] .
A spatially homogeneous and isotropic spacetime with a flat spatial section is given as
where the lapse function n and the scale factor a are functions of the time alone. With this metric, the Lagrangian can be extracted from the action (1) as
With a change of variables as
the Lagrangian can be written as
The corresponding Hamiltonian comes out to be
By a variation of the action in the first order with respect to the lapse function n, one has the Hamiltonian constraint as
Now we consider a transformation of variables as (α, p α ) to (T, p T ) given by
It is easily verified that T and p T are canonically conjugate variables.
One can now write H as
Here β, T are the coordinates and p β , p T are the corresponding canonically conjugate momenta. The canonical structure can be verified from the relevant Poisson brackets.
The Wheeler-deWitt (WDW) equation, Hψ = 0, can be written as
The solution for above equation is obtained as
or
where E is a constant of separation.
, wavepacket can be written as
III. EINSTEIN FRAME If one effects a conformal transformation given bȳ
the action will look like
where ξ = lnφ [10] . The Lagrangian in this case can be written as
and corresponding Hamiltonian becomes
The Hamoltonian constraint, as usual, can be obtained by varying the action with respect to the lapse function n as, H =ā 3 H = 0.
Again with similar transformations as
the WDW equation can be written as
One can easily see from the transformation equations that the scalar time parameters in the two frames, T andT are actually equal.
With an operator ordering of the first term on the left hand side asā ∂ ∂āā ∂ ∂ā , and taking χ = lnā, the equation (21) can be written as
The solution for above equation can be given as
The corresponding wave-packet is
(24) If one now revert the conformal transformation and go back to the Jordan frame, by usingā 2 = a 2 φ and ξ = ln φ it is quite easy to see that the wave packet given in equation (24) in the Einstein frame is exactly same as that in the Jordan frame given in equation (14) .
IV. DISCUSSION
The result obtained carries a clear message. If the action is not contaminated with other fields, such as a fluid, the Jordan and Einstein frames are completely equivalent in the sense that one can go from one description to the other at the final stage, i.e., at the level of the solution via the conformal transformation. This result is completely independent of the choice of the coupling constant ω, which actually determines the deviation of the theory from general relativity. The work is carried out in Brans-Dicke theory. Of course there are other more complicated nonminimally coupled theories where this has to be verified, but the message is clear.
Very recently a result contrary to this has been given [12] , where it was shown that the wave packets in the two frames behave in different ways even after Ψ einstein is transformed back to the Jordan frame. The solutions were obtained for particular values of the Brans-Dicke parameter ω, but that should not infringe upon the result. Perhaps the addition of a contribution of a fluid in the action results in the requirement of a proper ordering of operators, as the fluid variable and the geometry cannot be separated efficiently.
Furthermore, the conformal transformation, g µν = Ω 2 g µν , inflicts a change of units in the variables as indicated by Dicke [10] , so one has to be careful about the interpretation of the results as shown by Faraoni and Nadeau [5] . For various choices of units and their significance, we also refer to the early work by Morganstern [13] .
It deserves mention that as the cosmic time t is a coordinate and not a scalar parameter, the evolution of the quantum system requires a properly oriented scalar time parameter in the scheme, which is very efficiently constructed out of the fluid parameters as shown by Lapchinski and Rubakov [14] . In the present work, as no fluid is considered, the scalar time parameter (T andT respectively in the two frames) is constructed from the scalar field and the scale factor following the work of Vakili [15] . The derivatives with respect to T andT appear in the first order in the Hamiltonian (equations (11) and (21)) indicating their role in the scheme as time. One can easily check that the Poisson brackets {T, H} and {T ,H} have the correct signatures which ensure the proper orientation of the time parameter. For a detailed description of this issue, we refer to the recent work of Pal and Banerjee [16] .
The present example is definitely a particular theory, namely the Brans-Dicke theory. But the calculations are so clean and the results are so unambiguous and general (independent of the Brans-Dicke coupling parameter ω), that one can claim with confidence that the equivalence of the two frames are established, at the quantum level, at least when the action is taken in the pure form, i.e., without any matter field. In view of the recent result of the nonequivalence of the two frames in the presence of a fluid [12] , one should perhaps look for a proper operator ordering which may yield this equivalence. If this attempt fails, then the emphasis should perhaps switch to the implication of the conformal transformation in the interpretation of matter variables.
